The mass-energy formula of black holes implies that up to 50% of the energy can be extracted from a static black hole. Such a result is reexamined using the recently established analytic formulas for the collapse of a shell and expression for the irreducible mass of a static black hole. It is shown that the efficiency of energy extraction process during the formation of the black hole is linked in an essential way to the gravitational binding energy, the formation of the horizon and the reduction of the kinetic energy of implosion. Here a maximum efficiency of 50% in the extraction of the mass energy is shown to be generally attainable in the collapse of a spherically symmetric shell: surprisingly this result holds as well in the two limiting cases of the Schwarzschild and extreme Reissner-Nordström space-times. Moreover, the analytic expression recently found for the implosion of a spherical shell onto an already formed black hole leads to a new exact analytic expression for the energy extraction which results in an efficiency strictly less than 100% for any physical implementable process. There appears to be no incompatibility between General Relativity and Thermodynamics at this classical level.
The mass-energy formula for a black hole endowed with electromagnetic structure (EMBH) (see Christodoulou, Ruffini (1971) 1 ) has opened the field of the energetics of black holes (see Ruffini, 1973 2 ) which is at the very heart of the explanation of GRBs (Ruffini, 1978 3 , Ruffini, et al., 2003 4 ). The recent formulation of the analytic solution for a self gravitating charged shell 5 has led to a new formula, expressed in 6 , relating the irreducible mass M irr of the final black hole to the gravitational binding energy and the kinetic energy of implosion evaluated at the horizon. The aim of this article is to point out how this new formula for the M irr leads to a deeper physical understanding of the role of the gravitational interaction in the maximum energy extraction process of an EMBH. This formula can also be of assistance in clarifying some long lasting epistemological issue on the role of general relativity, quantum theory and thermodynamics.
It is well known that if a spherically symmetric mass distribution without any electromagnetic structure undergoes free gravitational collapse, its total massenergy M is conserved according to the Birkhoff theorem: the increase in the kinetic energy of implosion is balanced by the increase in the gravitational energy of the system. If one considers the possibility that part of the kinetic energy of implosion is extracted then the situation is very different: configurations of smaller mass-energy and greater density can be attained without violating Birkhoff theorem.
We illustrate our considerations with two examples: one has found confirmation from astrophysical observations, the other promises to be of relevance for gamma ray bursts (GRBs) (see 6 ). Concerning the first example, it is well known from the work of Landau 7 that at the endpoint of thermonuclear evolution, the gravitational collapse of a spherically symmetric star can be stopped by the Fermi pressure of the degenerate electron gas (white dwarf). A configuration of equilibrium can be found all the way up to the critical number of particles
where the factor 0.775 comes from the coefficient 
where the gravitational binding energy U can be as high as 5.72 × 10 −4 N crit m 0 . Similarly Gamov 8 has shown that a gravitational collapse process to still higher densities can be stopped by the Fermi pressure of the neutrons (neutron star) and Oppenheimer 9 has shown that, if the effects of strong interactions are neglected, a configuration of equilibrium exists also in this case all the way up to a critical number of particles
where the factor 0.398 comes now from the integration of the Tolman-OppenheimerVolkoff equation (see e.g. Harrison et al. (1965) 10 ). If the kinetic energy of implosion is again carried away by radiation of photons or neutrinos and antineutrinos the final configuration is characterized by the formula (2) with U 2.48 × 10 −2 N crit m 0 . These considerations and the existence of such large values of the gravitational binding energy have been at the heart of the explanation of astrophysical phenomena such as red-giant stars and supernovae: the corresponding measurements of the masses of neutron stars and white dwarfs have been carried out with unprecedented accuracy in binary systems.
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From a theoretical physics point of view it is still an open question how far such a sequence can go: using causality nonviolating interactions, can one find a sequence of braking and energy extraction processes by which the density and the gravitational binding energy can increase indefinitely and the mass-energy of the collapsed object be reduced at will? This question can also be formulated in the mass-formula language of a black hole given in Christodoulou, Ruffini (1971) 1 (see also 6 ): given a collapsing core of nucleons with a given rest mass-energy M 0 , what is the minimum irreducible mass of the black hole which is formed?
Following Cherubini, Ruffini, Vitagliano (2002) 5 and Ruffini, Vitagliano (2002) 6 , consider a spherical shell of rest mass M 0 collapsing in a flat space-time. In the neutral case the irreducible mass of the final black hole satisfies the equation (see 6 )
where M is the total energy of the collapsing shell and T + the kinetic energy at the horizon r + . Recall that the area S of the horizon is
where r + = 2M irr is the horizon radius. The minimum irreducible mass M (min) irr is obtained when the kinetic energy at the horizon T + is 0, that is when the entire kinetic energy T + has been extracted. We then obtain the simple result
We conclude that in the gravitational collapse of a spherical shell of rest mass M 0 at rest at infinity (initial energy M i = M 0 ), an energy up to 50% of M 0 c 2 can in principle be extracted, by braking processes of the kinetic energy. In this limiting case the shell crosses the horizon with T + = 0. The limit M0 2 in the extractable kinetic energy can further increase if the collapsing shell is endowed with kinetic energy at infinity, since all that kinetic energy is in principle extractable.
In order to illustrate the physical reasons for this result, using the formulas of Cherubini, Ruffini, Vitagliano (2002) 5 , we have represented in Fig. 1 the world lines of spherical shells of the same rest mass M 0 , starting their gravitational collapse at rest at selected radii R * . These initial conditions can be implemented by performing suitable braking of the collapsing shell and concurrent kinetic energy extraction processes at progressively smaller radii (see also Fig. 2) . The reason for the existence of the minimum (6) in the black hole mass is the "self closure" occurring by the formation of a horizon in the initial configuration (thick line in Fig. 1) .
Is the limit M irr →
M0
2 actually attainable without violating causality? Let us consider a collapsing shell with charge Q. If M ≥ Q an EMBH is formed. As pointed out in 6 the irreducible mass of the final EMBH does not depend on the charge Q. Therefore Eqs. (4) and (6) still hold in the charged case with r + = M + M 2 − Q 2 . In Fig. 2 we consider the special case in which the shell is initially at rest at infinity, i.e. has initial energy M i = M 0 , for three different values of the charge Q. We plot the initial energy M i , the energy of the system when all the kinetic energy of implosion has been extracted as well as the sum of the rest mass energy and the gravitational binding energy − 2R of the system (here R is the radius of the shell). In the extreme case Q = M 0 , the shell is in equilibrium at all radii (see Cherubini, Ruffini, Vitagliano (2002) 5 ) and the kinetic energy is identically zero. In all three cases, the sum of the extractable kinetic energy T and the electromagnetic energy What is the role of the electromagnetic field here? If we consider the case of a charged shell with Q ≃ M 0 , the electromagnetic repulsion implements the braking process and the extractable energy is entirely stored in the electromagnetic field surrounding the EMBH (see 6 ). In Ruffini, Vitagliano (2002) 6 we have outlined two different processes of electromagnetic energy extraction. We emphasize here that the extraction of 50% of the mass-energy of an EMBH is not specifically linked to the electromagnetic field but depends on three factors: a) the increase of the gravitational energy during the collapse, b) the formation of a horizon, c) the reduction of the kinetic energy of implosion. Such conditions are In all the cases the sum of the kinetic energy and the electromagnetic energy at the horizon is 50% of M 0 . Both the electromagnetic and the kinetic energy are extractable. It is most remarkable that the same underlying process occurs in the three cases: the role of the electromagnetic interaction is twofold: a) to reduce the kinetic energy of implosion by the Coulomb repulsion of the shell; b) to store such an energy in the region around the EMBH. The stored electromagnetic energy is extractable as shown in . 3 naturally met during the formation of an extreme EMBH but are more general and can indeed occur in a variety of different situations, e.g. during the formation of a Schwarzschild black hole by a suitable extraction of the kinetic energy of implosion (see Fig. 1 and Fig. 2 ). Now consider a test particle of mass m in the gravitational field of an already formed Schwarzschild black hole of mass M and go through such a sequence of braking and energy extraction processes. Kaplan 12 found for the energy E of the particle as a function of the radius r
It would appear from this formula that the entire energy of a particle could be extracted in the limit r → 2M . Such 100% efficiency of energy extraction has often been quoted as evidence for incompatibility between General Relativity and the second principle of Thermodynamics (see Bekenstein (1973) 13 and references therein). J. Bekenstein and S. Hawking have gone as far as to consider General Relativity not to be a complete theory and to conclude that in order to avoid inconsistencies with thermodynamics, the theory should be implemented through a quantum description 13, 14 . Einstein himself often expressed the opposite point of view (see. e.g. Dyson (2002) 15 and references therein). The analytic treatment presented in Cherubini, Ruffini, Vitagliano (2002) 5 can clarify this fundamental issue. It allows to express the energy increase E of a black hole of mass M 1 through the accretion of a shell of mass M 0 starting its motion at rest at a radius R in the following formula which generalizes Eq. (7):
where M = M 1 + E is clearly the mass-energy of the final black hole. This formula differs from the Kaplan formula (7) in three respects: a) it takes into account the increase of the horizon area due to the accretion of the shell; b) it shows the role of the gravitational self energy of the imploding shell; c) it expresses the combined effects of a) and b) in an exact closed formula. The minimum value E min of E is attained for the minimum value of the radius R = 2M : the horizon of the final black hole. This corresponds to the maximum efficiency of the energy extraction. We have
